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1. Introduction.

Very recently we were told by VAN DER POL that the following propo-
sition has been proved by BANG:

If w, are two rational integers, different in absolute value and
not equal to zero, and if

n ~- 1N
w -
(1.1) w =X W  (n-0,1, 2,...),

then for each positive integer n, with a finite number of exceptions,
there exists a prime g with
{
q E un3 q,{' uv for \) = 1} 2_9 ooagin—/l-
Moreover BANG raised the question whether this result remains valid,
if for w we take a real quadratic algebraic integer and for 0O its con-

jugate. This has led us to the following theorem, a proof of which is

(1.2) a® + 4 > 0

and let w, LU be the roots of the equation
(1.3) X - ax - b = 0.

Then the sequence of rational integers

w" - "
(’l.)-l') un=m— (1’1=O, 1 2,u..)

has the property, that for each positive integer n, with a finite numbeﬁ
of exceptions, there exists a prime g with
a t U, s q.+ U form=1, 2,..., n-1.

In this theorem rationality of w),J is not required; it forms a
generalization of the proposition of BANG. '
24 4b » 0, the numbers
and O evidently are real and different in absolute value. Since inter-
changing wand & does not affect the assertion of the theorem, we may
suppose without loss of genereality Ay
(1.5) wl > (). &%
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Preliminary remarks. In view of a # O and a

.




satisfy the relations

Ei

From (1 3) it follows that w,

(1.6) w2=aw+b,®2=a@+b,
Using (1.6) we deduce from (1.1) that the integers u, satisfy the
following relations

(1.7) uy =0, uy; =1, u

(1.8) w = u, W+ buy o = unED + bu (n=1, 2,...).

With the aid of the last relations a certain kind of addition formu-
la can be deduced. Let(f4 be a positive integer, Y a non-negative intege:

From Wt = w* w” 1t follows by repeated application of (1.8) for
V>0
u/uwou + bu/u_'_v 4= (u’uw + bup_,‘)(uvu) + buv_,])
= 2 2
= uu, W+ b(u w4 ot u/(_,‘u»)w + b 4%y g5
hence by (1.6) and (1.7)
ﬁuvuj+bWme1=(m%u +bﬁﬁ' +b%L1»)u)+

+ b(%ﬂuv + b%“ q »_1)

= (%“uv+q +ou, 4 u,) W + b(u Wy + %u_quv-ﬂ)‘

The same relation holds with w replaced by 0 . Hence by (1.5) we may
conclude

(1.9) %u+v = %muv+1 + b%u_qu

Since this relation also holds if V = 0, (1.9) is valid for /A:>O, Y20

P e

2. Some lemma's,

In another reportq) periodicity properties, modulo an arbitrary po-

sitive integer m, for the sequence defined by (1.7) are studied extensive
ly. Some of the results contained in the lemma's below already were ob-
tained in that report; for the sake of completeness however we shall g1V€
a proof of all our assertions in section 3.

Lemma 1. Let q be a prime. If g + b , then there exists for each posi-
tive integer t a positive integer c = c(qt), such that

(2.1) q u_ if and only if o(qt)t n.

I n

1) H.J.A.Duparc - W.Peremans, Reduced sequences of 1ntegers and pseudo-
random numbers II, Rapport Z.W. 1952-013, Mathematisch Centrum,
Amsterdam (dutch).




If q ‘ b, q % a, then g u, only if n = 0.

Before stating the other lemma's we introduce the following symbols
which will appear to be useful.

If 9 is a prime and f an arbitrary positive integer, then
(2.2) A(g,f)
denotes the number of factors q which are contained in f (possibly 0).
Furthermore, if q 4'b and n is a positive multiple of c(q), we write

_ n
(2.3) Oz(QJH) = A {a, ETET)’
50’7 (a,n) denotes the difference in the number of factors g, contained
respectively in n and the smallest positive integer c with q%uc.
Lemma 2. Let q be a prime with g % b. Then there exists a positive
integer k = k(q) with the following properties
(2.4) Alg,uy) =0 if c(q),f n
(2.5) A(g,uy) =k +77(q,n) if c(a)|n,
except when we have simultaneously

Q= 2, A(Q,uc(g)) = 1, 42(23n) = 0;

in this case the right hand member of (2.5) must be replaced by 1.
Lemma 3. Let q be a prime with q%b, qja. Let X ,/3 be the positive
integers

(2.6) & = A(a,a), A= a(q,b).
If 2 <ﬁ s Then
(2.7) Alg,u,) = (n-1)c (n =1, 2,...).

If 20<2:/3 ; then there exist a positive integer d=d(q) and a mono-
toneously increasing function 90q(x) = 99q(a,b;x), defined on the set
of non negative integers x, depending on q, a, b and assuming integral
values only, with the following properties

(2.8) Aau,) =258 1f dfn

n n
(2.9) Maug) = 5 2 + @ (A(a,g) if dfn
Although generally spoken no definite statement can be made about the
values of yaq(o) and 99q(1)’ the following formula holds in each case:

il

(2.10) 99q(x) = x-1 +‘99q(1) (x = 1,2,...).
Lemma 4, Suppose g = (a,b) > 1 and put
1 1 1
_ g 1400 o
(2"11) g" q/] qE e o e qous
where qq, Qo5 eees5d, are different primes and 11, 12,..,,16 are positive

integers. Let n be an integer > 1 and put

r',] 1”2 PS
(2.12) n=Dp, Dy ... P,
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where pq, pg,..h,pS are different primes and rq, rg,...,rs are positive
integers. Put

o
(2.13) v = ﬂ? 7q qé}(qj,um) (m=1,2,...),

J= ,

(2.14) v(iqg 12,...,ik) = V.,

/AN
1)

where 115155 -4.,1, are positive integers with 1 5211 <:12 < ... <:ik

n
(1< k¥ £ 8) andm:pi 5T
1 2 Tk
(2.15) . /j = min (A(qy,2), 28(ay.R)).
Let E:’k be defined by
E’k = 1 if k is even
(2.76) €, = -1 1if k is odd (k= 1,2,...,8)

Then we have
s £ s - £
./ . 1 . 2
!'Vn[., ; V(lflﬂ [ Tl v(igip) J
: J 14,12—1

11 < 12
s

€ e
[] v(i,‘,ig,,..,ik)] k..,]]:v(’I,E,a..,s) J "<

11,12,...,ik=1
i1 <12 <‘00Q< ik

k_ < K«(qqoy1 qug qu)n T (1- =)
K

no
.Y
|
N
A
1

'i:’] 1
(a,b) is a constant not depending on n.

o - o o 1 By ~

where K =

T o~ [

| I T R I s SO
/ {x XnsoeesX . (- X, *} [ - X, X, 1
| Ty 1= Tl L e T e

i1 < i2
( [’ W -Ek
2.18) . 77 (s 5%y 5ouesX, ) ..
: . . i i i
N 11,12,...,1K—1 1 2 Kk
1,1<212<., <ik

- =€
o e o [(quxesoo-sxw)J ws

where Eﬁk is given by (2.16) and where {aq,ag,,..,an} and (aq,az,...,aﬁ\

denote the least common multiple and the greatest common divisor of
a,s az,...,an respectively.




3. Proof of the lemma's.

Proof of lemma 1. For given g and t, let ¢ be the smallest positive

integer with q° | u_

(3.1) a he

By definition of c¢ the relation (3.1) is true for h = 1. If (3.1)
holds for a certain value of h, then by (1.9) we have u(

. First we prove by induction on h, that we have
bl u,_ forn=1,2,...

H h+1)e = “he+e T
=UpoUopq T PU,_4u, =0 (mod q”). Hence (3.1) is proved.

Secondly we prove that, if q.% b and 1f n is a positive integer with
qt u,s we have c%n. Put n = he + r, where 0 < r < ¢ and h is a positive
integer. Then by (1.9) we have U, = Ul g+ bu

then from bu

t
he-qUps hence g }buhc-1ur°

he -1 he-2 = Yne T @Upe.q 204
q * b, we would obtain q}uhcng, hence also q}uhC_B,,..,q1u1; this is
i

If g9 was a divisor of u
a contradiction, since u, = 1. Hence we have q Upeoq® From qtlbuhc—ﬂur’
q-% b, q + Upe -1 it follows that we have qt‘ur.'Hence, by the definition
of ¢, we have r = 0. So the first part of the lemma is proved.

The second part of the lemma follows from these two facts.
First we have g + Uy Secondly, if q + u , then g + Ui (n=1,2,...),
since from qiun+1 and q'bibun",1 = u

- au_ would follow q‘aun, hence
q‘un in view of q } a.

n+1

Proof of lemma 2. The relation (2.4) is a restatement of the part
of (2.1), implied by the words "only if".
We now prove, that if g is an odd prime (2.5) is valid, when we take
ko= k(a) = Ald,ug(qy)-
Let n be a positive integer with c(q),n, i.e. qlun. Put k = A(q,un). Then

u, = eqh with q‘f e, h> 1. Applying (1.8) we find
_ an _ a
(3.2) Ugp W+ bugy 4 = W = (v, + bu, )
- pd.a q-1.a-1 jh+1 a,ah a
=D U4 t eb ujq @ W+ ... + e’ g w-.

In the last member for j = 2,...,9 replace UJJ by ujbu+ buj_

q° Since for
a prime g >» 2 the coefficient of w? in the right hand member of (3.2)

contains at least the factor q2h+1 for j = 2,...,4, we obtain
(3.3) uqn‘*)+ buqn—1 = a W+ ag,
where aq, a, are two rational integers with

a, = epd- ug:q qh+1 (mod qh+2)°

The relation (3.3) remains true if we replace w by (v. Hence we have

_— a-1 _ag-1 _h+1 h+2
(3.4) Ugn = eb ul 4 d (mod g 7).
In view of q-f €, q'f b, q % U,_q We may conclude

(3.5) A(q,uqn) = h+1 if A(q,un) = h > 0.
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In particular we have A(q,u k+1. If n is a positive integer

qC(Q))
with c(q),n, then by the first part of lemma 1, we have A(q,u ) > k. If

follow A(q,uc(q)) = k+1, which is a contradiction. This proves (2.5) in
the case Oz(q,n) = 0. The validity of (2.5) for other values ofaﬁz(q,n)

of lemma 41 and the relations (2.4) and (2.5), we have the following
formula

t 0,t-1
(3.6) e(q®) = gnex(0: 8-kl gy,
If g=2, then again (3.2) is valid; it has the form
2.2 h 2.2h 2
Ugy, Wt buy = Dbru, o+ ebu,_, 2 cu + e 2w

Hence we have for c(2)ln
I~ N -- e ~h+1 Ag.\n2h fvw  nlooas \

only if h2> 2. Thus in the case g=2, A(2 u (2)) > 2 the formula (2.5)
can be proved with k = A(2,uc(2)) by the same argument as before.
Finally suppose g=2, A(2,uc(2)) = 1. Then put

k = k(2) = A(Q,UQC(Q))

2c(2) hence k 2 1. If 2c(2)1n and more-
over 4c(2) n, i.e. Oz(e,n) = 1, then by the same argument as before we
may conclude A(2,un) = A(2,u20(2 ) = k+1. From the last relation and

(3.5) we infer the truth of (2.5% in the case/7 (2,n) > 1. If nz(e,n) = 0,
then A(E,un) = A(2,uc(2)) = 1. 1

At any rate by (3.4a) we have 4}u

Proof of lemma 3. If 2 < /3, then from Uy = 2, Uz = a4b it follows

that (2.7) holds for n = 2,3. If A(q,u ) = (n-1)x, ) = not, then
we have A(q,u

A(q’un+’l
nep) = (n+1)e¢ on account of

11 -~ = au . + bu . AMa.au .Y = (n+1)x .

Hence, by induction on n, we see that (2.7) is true for n = 1,2,
Now suppose 2 oX ==/3. Using the same argument as above we see, by
induction on n,

(3.7) Aauy) 2 (ot = 8518 (n = 1,2,..00);

however it can not be decided by that argument whether in (3.7) the
equality sign holds. We put
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*_ a %_ b *__ *__ un _
a --&-, b = — uo-O, un—m (I’l——",g,...).
q q20< _ a
Then a*, *,11* are integers satisfying
X >k KoK * X
q4% a” ’ q‘* " u =0, uy =N Upup =8 U, TR U,

Hence on the sequence {u:} lemma 2 can be applied. So there exist two
* c*(q) and k¥ = k*(q), such that

x K
A(qﬂun) =0 if ¢ % n

positive integers c

il

o+ a(a, &) ar ¢| n,

*
A(a,u’)
3n c

with the exception that A(q,u ) is always equal to 1, in the case q = 2,
A2, u*o*(E)) =1, if n has a value with c*‘n, 25** n. From these facts
follow (2.8), (2.9), (2.10) if we take

qu(o) 1f (q) or -3+ 1
}”q ) = -3 K(q) + 1 (x = 1,2,..4) .

ﬁ5+

-1 +
qu(x) x-1 ﬁﬂq(’l
It should be noted that %/5 is integral, in view of the assumption 2CK§/3.
Finally we treat the case 2CXZ>/B. First we prove, by induction on n,

the following formulae
(3.8) Aa,uy) = —n—;—iﬂ if n is odd 1

(3.9) A(q,un)?;o(+£%2-ﬁ if n is even ,S

If n=10r 2, (3.8) and (3.9) respectively are trivially true. If
m is a positive integer and (3.8), (3.9) hold for n = 2m-1 and for n=2m

il

il

(n = 1y23o00)-

respectively, we deduce
A(q,u2m+1) = A(q,augm + bu2m~1)

= A(q, buzm-ﬂ) = @/3,
since we have

Ald,au, ) =X + A(q,u, ) 2 2X + (m—ﬂ)/3 > mﬁ= A(q,buy )
-and
Alasugp o) = Aldsaug, o, + buy ) 2 X+ m/a

in view of

A(q,au2m+q) = £ + m/39

A(q,bugm) = /9 + A(q,ugm)ga X+ m/ﬁ.
So (3.8) and (3.9) are proved. v
In order to determine exactly the value of A(q,un) if n is even; we
now deduce a recurrence relation for the numbers u (m = 0,1,2,...),

2m
analoguous to the relations (1.7) for the numbers u, - We have




+ bu

Yom+l Momi3 2m+2
1 —_ a1 4+ hn
so elimination of o1 and u2m+3 ylelds
[aS R} -_— 11 - haa
2 2
= (a“+2D) Uppgn = P7Ug0
3 l !
In view of aiugs aju, We have aqum for all m.
We put
2 2 ! u
* _ a“™+2b X b x # 2m
(3010) a = ———, b = - —=my U =0, u = - (m= 1,25
qﬂ ? q2p 0 > m aqim-15E
By the last remark and (3.9) the numbers a*, b*; u;‘are integers.
Furthermore we have ug = 0, uj‘= 1,
2 2
NI SR s +20)Upyyp P Uoy
a u u = -
+ ~ mJ 2 "',]
(3.41) T el aF e T/
2 2
_ (2 +2b)u2m+2"b Yom _ Yom+l .
aq(m+1»6 aq(m+1»9 m+2

From (3.10) follows q~% p*
{ug}, i.e. there exist positive

that *

Ala,ug)

A(a,u)

it

o ~ *
in the case q = 2, 2C%;>/3 ) A(Q;UC%(Q))

if d*!m, 20%#’ m.
A further property of the se

bers c%, k*
case q = 2).
ugqau T Uog
- g
- (Dl ()
A=0 © SR

dy ,,d-n
Upy =) (Hav* u =
29 = n n

By (3.8) and (3.9) we have
. a-1.

n t AN nt

. »
integers c

0 if ¢*4

™+ a(a,

quence

wee -

1

. So lemma 2 can be applied on the sequence

c*(q) and k™ = k*(q) such

m,

)

m

o if ¢ ym;e

1 however we have A(q,ui) = 1

gng} is the fact, that the num-
can be determined exactly (except for the number k* in the
By repeated application of (1.8) we find in the case q > 2

(a w+ p)4

)pd7 4 p9,




A(qun) = 1+nfx+(q—n)/3+-E%1/G = 1+n &+(q-1- 2530/3 if n is odd and
' 2< n £~
n-2

A(Q,Xn) 2’ 14+ncx +(q—n)ﬂ + 0+ -

= 1 +(n+1) X +(q-1- g)ﬁ if n is even and 2< n £ g-1.
Hence in view of & > %/3 we find
A(q,Xn) > A(q,Xq) forn=2,...,4,

50 A(qugq) = A(q,X,]) = 1+Q(+(Q‘1)/B s

X
hence A(q,uq) 1. Since q is a prime, from this relation and lemma 2
for 1< m £ g-1. This shows that we have ¥ = a, k¥ = 1

in the case q > 2. For arbitrary m we now have

X
follows qf% U

*
(3.12) Alq,u,) = A(q,m).
X % _ af+2p

In the case g = 2 however, we have U, = a = ——F—_’ which only implies

X . q
A(E,ug) 2> 1. Hence we only may conclude c*(z) = 2, For even m we get

#

(3.12a) a(2,w) = a2, B) +¥(2),

Takine dla) = 2. (2 (0 =X -3 (A (x)Y = x+(7 (0 i a™S 9.

502(X) = x-1+jp2(1) (x = 1,2,.7.)g
the relations (2.8), (2.9), (2.10) follow from (3.8), (3.10), (3.12),
(3;12a). This completes the proof of the lemma. |

Proof of lemma 4. Let the left hand member of (2.17) be denoted by
Hq and let g be one of the prime factors EP¥ dps e esQq of g. Let ¢ and
/:3 be given by (2.6). Inthe case 2 ;/5 let d and yoq(X) be determined
by lemma 3. In order to evaluate A(q,Mq) we distinguish the following

five cases according to the values of X , /3, n

I 2X L
TT nrd > enma At .

integer with 1€ s, &£ 85 q # D sPgsee.sP

/]
o — o n (1 o —
v 2cx;z/8 3 d = Dys d 5; if and only if i = 4,2,...,s1 where 5,
is an integer with 2 < 54 £ s

i
2
v 2m;ﬂ;q=p¢dh;

% = qt where t 1s a non negative integer.

It is obvious that in each case, after having arranged the prime facto:
of n in (2.12) in a suitable way, (exactly) one of the cases I-V occurs.
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In the sequel 11’12’°'°’ik are always supposed to form a set of unequal
positive integers with increasing order.
Case I. By (2.7) and (2.13) we have A(q,vn) = A(q,un) = (n-1)X ., Using

also (2.14) we further have for each admissable set (iq,ig,...,lk)
In view of the form of Mq this yields
—
e + (‘-1)1{ R - . A(un(iqﬁigjnvojik)) + o o 6 + (—1)SA(q,U.(’],2,a..,S"‘
Lasdpseeesiy
S
=nu,[1- a1 +§ R N i —
~1 Py i, Pi.P1 PgPp +e+ Py
- M 1t 1 t2 .
[ . A 7
(a.,) T (1 - 2
A(Q,M.) = nex 1 - =),
1 ;ZG- Py
Case IT. By (2.8), (2.13) we have A(q,v,) = 251/9,
A, V(1,1 eesiy)) = 5/3; 575; ?.. 5 - %/3° This yields
-1 e k
- 1
A(QsM,]) = %n/j /l (/l = ‘5")°
i=1 i
Case III. We have din. Applying (2.8) and (2.9) we obtain
-1 n
A(stn) - 2pn +§0C_{(A(q’d))
. {1 n
A(q, (11’12’°"’1k)) = 2/3, 55 +:y9q q,d )) if i, éés
i1
1 72
1 n _ 1 . .
2/9°pipi . Dy 3ﬂ > sy
1 72 k
since in view of the assumptions we have d 5T i 5
i1, 1.
n _ 0y o . n P |
A(q’dpi 5 pi ) = (q,d) if i« s, and d,f 5 0, .. 5, it 1, > s,
1 72 1 72 k
. _i — 1 _ .
Putting 2/9 bosqu q,d + 2/3 bq, we find
s
S 1
= 1 1 n A
A(@,My) = 5fn + by + b, - S: 2/3--1-'—--+ b,) - i b, +




] ST
v o / (1 n B
]
1 2)
+ (=1) "b, + ... -7 (% . + b.)
)’ gl § 1 8 1
1
= 2 no[/l_'ér__ -—-—_'+ Q had °o e e + (—,‘)
P, b= 5. D PPy cee D
/6 1, 1, 1,35 14 12 17 e S
’ 8
1
+bo,[1—(§)+(g)-,.,+(-—1)S‘J +b,|,[’l(,1)+(2") cee + (=1) ]
Since the coefficients of b, end b,1 vanish in view of s 21 s, = 1, we

find s

/‘
Aa,M,) = 3np T (1 - ).
T 2/:5:[::’] Py

Case IV, 1In view of (2.8), (2.9) and the assumptions of this case we get
A(a,vy) = 280 + O (a(a,q))
A(q,v(iq,iz,o..,ik)) = /6n+6ph( q,d )) if > 11
—ﬁn+§ﬂq( q,dq if i, =1, 1
—2-/3n-§/3> if 1,.> s,.
Hence, putting —%/@ = bO’qu(A(q’E%—)) + %/9 = b,

s&q(A(q,%)) \foq q,a—~)) = by, we find (in the finite sums writing down

IN N

only the first terms)

L S L n -
A(a,My) = df8n + by ¥ by + by - T (3R + k) - 2 Z; by

11=1 11 11 11‘2
\ 1 n E E:::*
+§—“'f(2/391p1 +bo)+11<s b1+2<1 i1, 8 be* .
1772 1t 1772 S T opTe=
=%ﬁn['}—u 5—?—-+Z—~—, 5,—%‘,—“ ]*bo [1-(i)+(2)— J
11 11 11,12 11 12

’ 3] S -1 s _ -1
+b1.[4_(j) () - ] +102.[1_(S“1 )+ (L) - ]

Thus again we find

0

A(qﬁMq) Pn il - 5_)5

2) If 54 is equal to s, then the terms with s, are the last terms of this
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since in the case considered we even have s

. \ n
Now we have in view of 3

= %/9’(1 +§pq(A(Q3%))

TERTENETNIE )

Case V. = qt’

A(q,v

hence, putting —%/9 =

/‘

1

assuming t > 1

= 2fn + Pyt

Dy ﬁpq(t—ﬂ) + %/3= b,, we obtain

—;—ﬁn +50q(‘t—’1) itk=1,1,="1
2o - 3f if 1> 1,
S
t-1) - ) (% 5£-+bo)-b,]
l — &

) =_l_ﬁn+bo + b, +§0q(t) —§0q(

v

+ b

bee ¥ (2P (%/3p1p2“ o)

—5/5m[1—£————-+£ - e

T4 11 12

bo- [Hi) +(5) - (-—4)8]

Therefore
- —) +
(1 ) 50q

e 00 ps

11p

+ +b1

S

1 7;

/3 i=1
If t = 0, the deduction remains valid,

-%/3. Hence

A(a,M,)
Combining the results we see
A(quq) = n.min (st %ﬁ)

where c? is unequal to zero if and only
pq,p2,...,p and moreover 20<:>/9

- 3pn T (1= 2+ (Py(0) + 3p

—

1
+ (-1)°® }
pqu cr ps

-b,, +yq(t) -jﬁq(t-’l).
y (t-1), if t >

if only we replace yoq(t—ﬂ) by

1.

if t = 0.
S
' (’l——j- +J
i=1 Py
if g is one of the primes

qt with a non negative integer

In this exceptional case, as we see from the proof of lemma 3, (y is

equal to §0 (t) (t-1) =1ifr t > 2
a * .
then o = q('1) q(O) = 1o0rk (q); 1
k" (q) or 1 in the case 2&X = /3 and d
case 2cx:>/6 (in this case we have d =
since for given a and b the numbers o ,

in virtue of (2.10); if t = 1,
£t =0, then & q(o)+-§—ﬁ
549 o)+2/5 o(-—/& in the
2, hence q = 2). At any rate,
, d, k (q) only depend on q,

we conclude that only for a finite number of values of n the number Cf

Lo

~ evntanm /A A

TT e = =

N — ' e t o~ e -

has




Alg,,M, ) < : (1 - +A
(a;,M) < e ;Q: 5, .

This proves (2.17) with K = (qqqg...chll.

Proof of lemma 5.3 Without loss of generality we may suppose

X4sXps++0sX, to be positive. Let g be a prime, Put A(q,xi) = ?fi and

arrange the numbers x, such that we have T, T, & ... €T _. Then the

’Z’,]+"Cg+...+1’

W’
(YT, (AT, e+ (DT v T
DT+ T+ e + DTy + T oo

L] . ° . ° . ° . ° O . . ° ° ° ° . ° L] . °

(W) Ty + T oo

T4 s
since there are T factors q contained in the number ! x, ,X. ,...,X 19“”
iq i1 i, ikj
. . . . w-2
since there are (k 1) admissable sets (11’12""’1k) with 1,=1, (knﬂ)

member of (2.18) is equal to

{4 S R M G IR CXI R
R A I G B B L (12) 4 (-4)W'2}'1:2 -
o+ (1 -2+ 1)"C'W_2 + (’IJ])’C‘W_1 + T,
=’fw==Mq,{xVx?°.ux@).

This being true for each prime q the lemma is proved.

4, Proof of the theorem.

Let {un} be the sequence defined by (1.1). We consider a fixed inte~-
n > 1. Let the factorization of n and g = (a,b) be given by (2.11) and
(2.12), Then, on account of n > 1, by lemma 1 the primes qq,qe,...,qd are
also contained in Uy, We put

4)
t t T t t

0 2 o o +1 a+T
(%.1) {unl = Ay 9p T oeee Qg G el Qpyo s

. e . am ome —" —. o wn - Ln g S o e -

3) This lemma already was proved by J. G VAN DER CORPUT, Nieuw Archief voor
Wiskunde (2), 12 (1912). '

4) The integers u., and also the integers ﬁh below can be negative for some
indices m. So in (4.1) it is necessary to take the absolute value.




where g are primes, different from each other and different

ac+1°° " Yo+

from qq,qg,,,.,qo.and where tq,tg,..,,qj+1 are positive integers (in
our notation we have tj = A(qj,un) for j = 1,2,...,,0+7).

Furthermore we put, v being given by (2.13),

N um ( )
u = e m=1 2,--0
m Vo ’
(4.2) ‘ u(iq,ie,...,ik) =u, ﬁ(iq,ig,...,ik) = ﬁh with

hence, V(iﬂ’ie""’ik) being given by (2.14),

(4.3) u(iq,ig,o..,ik) = v(iq,ig,...,ik).ﬁ(iq,iz,...,ik).

Our method of proof consists in considering all those prime factors

factors with that property are given by
(“04) QAQQI\9°..QQ_J° q,,,.lqooqu_..,.. (Oé’r,.éf)-

the corresponding number

t t
(h.5) M- g t,l o t2 : o . 2T+1 G#EH v tU+1 U+T%
° . /] 2 cs.0 T Cr+,] ...,QG+T1 - .ne g+1 N ) qc,_*_fc/l

is smaller than lun s then the theorem is proved.

If qj is a prime with O +1 <] SQCT+’Cq, then it does not divide

both a and b, hence on account of qj u_ and lemma 1 we have qj'f b.

n !
Again by lemma 1, this implies that the values of m with qj u, are given

by the multiples of a certain positive integer, c(qj). Since q. is one
n

3
By

of the numbers (4.4), c(qj) is a proper divisor of n, hence c(qj)
i.e. q,%u(i) for at least one of the numbers i = 1,2,...,8. S0, by (2 13)

and (4.2), the primes QT+1""’%3+11 all are contained in
{5(1), W(2),.., o)}
We now prove
(4"6) A(stun) - A(qj,{ﬁ(’]),a(g),,.‘Sa(S)}) =
' 0 or 1 always (J =C7+1,...;T+1%)
O 1f qy # DysPpseesPyg

0 be an integer with

n - ,
5;—, Then, by lemma 2, A(qj,u(lo)) = A(qj,u(io)) is
0

Consider a prime ay with 0 +1 £ §§O'+T;. Let 1

S~

1€ 1, £, c(qj)
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‘equal to A(qj,un) = A(q,,ﬁh) if ay # p, and equal to A(qj,un)~1 if

J v 0
d. = p. . Hence we find that
J 15
Ala,, {9(1),0(2),...,0(s))) =  max Ala,, T(i))

A(qj,un) or A(qj,un) - 1 if qj is one of the primes 045D s v eesP
This proves (4.6).
From (4.6) we immediately conclude, M being given by (4.5),

s°

M a, 1 4y 2 ... dg - PgPs -we Py . {u(ﬂ),u(Q),,..,u(s?} 5).
(4.7) < n v (8(1),5(2),...,10(s)] .

Next,‘in order to apply lemma 5, we determine the greatest common
divisor (ﬁ(iq), ﬁ(iz),..,,ﬁ(ik)), where 1,,1,,...,1, are integers with
1& i,] < 12 < L.l & i € 8. If g is a prime and this a positive integer
such that qtl( (i ),u( 2),...gu(lk)) then q is one of the primes

T t
R qJ( b. From q 4 b, g ] i), a ,u(lg),o--,q |uls,)

and lemma 1 it follows that c(qt) divides —E—, 52— Seees 52— , hence

i
Le i ti 2y ), whlcﬁ in view of

divides also 1’12""’1k

P p. ces D
141, lk
t

a + b implies g 'ﬁ( 1’12’°°"ik)° If on the other hand we have
qt’ﬁ(iq,ig,...g k) then we have also q 4 b; furthermore th u( i ,12,.,nig,
t . t
yieldz qt§ (1 ), a l seeesd ’u(lk}, hence g ; 1), q {U(lg),...
e ’u(lk) 1n view of q,f b. By these considerations we learn

[=fs \ =f=2 \ =/ A\ b=/ . ond 5)

[t}
—
-

AN
=
}.Jo
RN
|
™M
.\
1
I_I
FaS
H

(4.8) Mg K, (a," qgfg qu/‘f)n 1
‘ [Z;r u(iq)]ﬁﬂg.[e'Z]; u(iq,ig)]Eg o [ﬁ(1,2,...,s):}€s'
1 - 1<, |

5) The least common multiple and the greatest common divisor are always
understood to be positive.




——

Put z = |€%¢‘ Then by (1.5) we have
(4.9) 0< z < 1.
For each positive integer m and &€ = + 1 from (1.1) and (4.9) we
obtain .
](w-my%J€=fuﬂH@mf = [wl®Pa-t&™Es fw|® M1 - 2™,

Hence we get

£ . n n
K Py D: o..D, P: P oeeps :
£ 1,51 i 1,71 i —|-€
. k k 2 k k
,u(11:129-~°’ik)1 ;}(A)l 172 (1 -z 1 * ”LO—LU’ s
I - -5 r -~ F - e 1
—
R R T =k ) -
;lwf i,‘ 11 1,]<12 1,71, 172 S
< n__ n
ol P. D — S s
1 1,71 D b Dg 1 _ =) (D) (P
(1-2") JT(1-z T 7?¢ (d-z 1V By, (1mz 1 2TTsy |l T2 .
i, :L,‘<12
Each number = I - is a positive integer, whereas in virtue of
1Pt Py

the uniqueness of factorization in the ring of rational integers to dif-

Hence in the last relation the product of the terms involving z is mino-
00

rized by T7 (1 - z™), which in view of (4.9) is a convergent infinite
m="

pro™ict with a positive value B. This number B obviously does not depend
on n; it can be computed by means of theta series. Returnine to (4 8) we

K 4q
b.10) S B (]
10wy <w g _
By (1.3) we have |LUZD‘= Ibl, so by (1.5) we get lwl>VIvl. Further

more it follows from (2.15)

1
YCR & 7o A(a,,0)  Ala,,b) A(ag,b) 3 1
q/ld/ q2 ° e 010. = (q/] QQ o0 © qo_ ) é ‘b\2.

/.
So the number () = T{%T qqfq qéfe cee qjj‘

1, whereas 1t does no depend on n.

is positive and smaller than

The exponent of £ in (4.10) can be estimated by means of a result
of E. Landau concerning Euler's -function. For if‘yo(n) is Euler's
§O—function, i.e, if (n) denotes the number of integers m with 1< m <1nt
(myn) = 1, then, by & well known result in the elementary theory of
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S
numbers, we have |/ (1 - é}) = 32%31, and E.Landau proved 6)
i=1 i
(4.11) lim  inf #2%El log log n = e*G,
n-—

where C 1s Euler's constant.

e 1

nﬁ(’l— —) n Y (n) log n log log n

) ) ~ log log n -
Hence n @ 1=1 Py -y 1log logn (5 n & & log O -1 )
tends to zero for n— , since (& 1is a fixed number between O and 1 and

since the form between brackets has the positive limes inferior e_C°

This proves the existence of a positive integer Ny such that

M <1 ifn> no, which establishes the truth of the theoren.
Ll -

Final remarks.

1. In order to find in a concrete example the exceptional integers n,
which do not possess the property mentioned in the theorem, we can not
use (4.11) as

it stands, since it does not provide the construction of an index Ny
such that M < !uﬂl if n > n,. We consider for instance the case a=b=1.

~

and the proof of (4.10) we find

S . 1
* n,7T (’1 "”P"") *
1 n” 1 i=1 i° _n a1 (n)
_\IEM<B (7;) "'—B' (w)-gp s
ow —
where W= iilCE = 1,618... ,B = (1 - 2™ with z = & illﬁi .
2 m="1 W 2
The formula
- v
]; (1 - zm)3 =1 - 3z + 523 - 726 + 9210 - 1125 + e
m="

gives very rapidly the value B = 0.473
Hence éL M is certainly smaller than 1, 1f we have

n 10 10 10

log B +—§0(n) log W - Pl0g n*> 0,

0.209 (0 (n) - 100e n*> 0.325.

Using the last relatlon and a table of Fibonaccl's sequence we
easily find that the exceptional values of n, i.e. the values of n such
that u_ does not contain "new" primes, are given by

n=1, 2, 6, 12.
2. Of course it is not necessary for the proof to use the relation (4.11);
it is sufficient to show that we have == ()%)rl-< 1 (K, B, £ not Cepend
ing on n; @ < 1) for almost all values of n and this can be done by ele-
mentary methods.

- - e am = e w - -

6) E.Landau, Uber den Verlauf der zahlentheoretischen Funktlon‘y7(x
Archiv der Mathematik und Physik (3), 5 (1903), 86-91.




